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In this paper, we derive some results giving sufficient conditions for a graph G 
containing a Hamiltonian path to be Hamiltonian. In particular the Bondy-Chvatal 
theorem [J. A. Bondy and V. Chvatal, Discrete Math. 15 (1976), 111-1351 is 
derived as a corollary of the main theorem of this paper and hence a more powerful 
closure operation than the one introduced by Bondy and Chvatal is defined. These 
results can be viewed as a step towards a unification of the various known results 
on the existence of Hamiltonian circuits in undirected graphs. Moreover, Theorem 1 
of this paper provides a counterpart of the Chvatal-Erdos theorem [V. Chvatal and 
P. Erdiis, Discrete Math. 2 (1972), 11 l-l 131 which gives a sufficient condition for 
a Hamiltonian circuit in terms of global vertex connectivity and independence 
number. 
1. INTRODUCTXON 
The graph theoretic terms used in this paper are defined in [ 11. 
The term graph denotes a finite, undirected graph without loops or 
multiple edges. 
In this paper we derive some sufficient conditions for a graph to be 
Hamiltonian. The conditions obtained are stronger than many of the well- 
known results, and in particular, the Bondy-Chvatal theorem [2] is derived 
as a corollary. 
The main result obtained, gives a condition for Hamiltonian graphs in 
terms of parameters closely related to vertex connectivity and independence 
number and provides a counterpart to the Chvatal-Erdiis theorem [3] which 
it neither dominates nor is dominated by. 
Let us call a path starting at vertex a and finishing at vertex b an u-b 
path. Two a-b paths in a graph G are called compatible if the vertices 
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belonging to both paths occur in the same order along the paths (when they 
are traversed from a to b). 
If ,U is a given a-b path in G, then let h;,(G) be the maximum integer k 
such that G contains k internally vertex disjoint a-b paths, each one 
compatible to ,u. 
Let a,,(G) be the maximum cardinality of an independent vertex set of G 
containing both a and b. 
2. RESULTS 
The main result of the paper is: 
THEOREM 1. If ,u is a Hamiltonian a-bpath and h:,(G) > a,,(G) then G 
has a Hamiltonian circuit. 
Proof: We prove this theorem by induction on n = 1 V(G)1 as follows: 
Suppose (reductio ad absurdum) that G is not Hamiltonian and that 
among all counterexamples with n vertices, a has maximum possible degree. 
Let p: u1u2 -** a,, where Q, = a, a, = 6, and P,, i = 1, 2 ,..., h$,, be inter- 
nally disjoint u-b paths compatible to ,u. Suppose ,ur contains a segment 
a,a, a*’ a, of p and that the path system has been chosen s.t. r is maximum. 
Clearly T > 2. Let a, be the vertex of ,ui following a,. By the maximality of r 
there is a path, say pu,, s.t. the vertex a, following a, on ~1,) satisfies r < s < t. 
Let the path system be chosen such that s is smallest possible. 
(i) We first prove that a is joined to each a,, 2 < i < s. For if this is 
not the case we let k be the largest i such that i < s and a, is not adjacent to 
a,. Clearly b is not adjacent to uk. Now we delete the vertices a2, q,..., a,- I 
from G, we add a new vertex z and all edges usz, zq and a, a, whenever 
j > s and ak is adjacent to aj in G. We denote the resulting graph by G’ and 
consider the Hamiltonian path a, za,a,+ , ... of G’. It is easy to see that 
a,,(G) > a,,(G’) and since h$(G’) = hi,(G) - 1 and 1 V(G’)I < ) V(G)1 it 
follows that G’ is Hamiltonian. Any Hamiltonian circuit contains a segment 
of the form a,za,+ If a, a, is an edge of G we easily get a Hamiltonian 
circuit of G and if it is not, we get a Hamiltonian circuit by replacing the 
segment aszu,uj by a,~,-, ... ak+,caluz ... a,a,. So in any case we get a 
contradiction which proves the claim. 
(ii) By the minimality of s it follows that s = r + 1. Also, by the 
maximality of r, Q, is not adjacent to a, for if this were the case we could 
replace the first segment of y, by ala, and the first segment of ,u* by 
ala2 ..a a,~, + 1 and then r + 1 = s could play the role of r, a contradiction. 
Now construct G’ by adding the edge a,~, and deleting all adges from 
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{a*, a3 1*--Y Q,- I } to {a,, a,, i ,..., a,} except a,- i a,. Since ,~i can start with 
the sequence a, a, ,... and pz with the sequence ur, u2 ,..., a,, u,,... we have 
hi,(G’) = Q(G). Clearly we also have a&G’) Q a,,(G) and hence by the 
maximality of the degree of a in G, G’ is Hamiltonian. Any Hamiltonian 
circuit of G’ contains a segment of the form u,u,u,,,,u,,,, ... u~(~-~)u~, 
where u is a permutation of {2, 3,..., s - 1 }. If j = t we get a Hamiltonian 
circuit of G by replacing this segment by u,u,u,-, ... a,~,. Ifj# t then this 
Hamiltonian circuit of G’ is also a Hamiltonian circuit of G. This 
contradiction proves the theorem. I 
Note. For a given Hamiltonian path ~1, let the vertices be ordered so that 
i <j, implies that i appears before j on the path p traversed from a to b. Let 
a directed graph Gd be produced from G by designing a direction to arc ij of 
G from i to j whenever i <j. The a to b vertex connectivity of Gd, is then the 
required number h&(G). 
3. COROLLARIES 
Let &,(G) = I r(a) n WI, w h ere T(i) is the set of neighbouring vertices of 
vertex i. 
COROLLARY 1. If a, b are two non-u&zcent vertices of u graph G such 
that 
a,,(G) Q L,(G) 
then G is Humiltoniun if and only if G + ub is Hamiltonian. 
Proof. If G is Hamiltonian then G + ub is Hamiltonian. 
Conversely, suppose that G + ub is Hamiltonian but G is not. Then a, b 
are endpoints of a Hamiltonian path cr. 
Clearly 1,,(G) Q h:,(G), and therefore h:,(G) > a,,(G) by the condition of 
Corollary 1. 
By Theorem 1, G is Hamiltonian ,thus contradicting the original 
assumption-This completes the proof. 1 
Let us define E&G) = n - Ir(u) u T(b)1 to be the semi-vertex indepen- 
dence number relative to two non-adjacent vertices a, b. 
COROLLARY 2. If a, b are two non-adjacent vertices of a graph 
G = (V, E) such that 
G(G) Q L,(G) 
then G is Humiltoniun if and only if G + ub is Hamiltonian. 
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Proof: If we prove that (m*(G) > o,,(G), then Corollary 2 is immediate 
from Corollary 1. 
Let 
H= (V-I-(a)UT(b)). 
By definition: cl&G) = a(H) and &,(G) = IHI and, therefore, 
k,(G) > a,,(G). I 
COROLLAR.Y 3 (Bondy-Chvital [2]). If a, b are two non-adjacent 
vertices of a graph G of order n 2 3 such that d(a) + d(b) >, n then G is 
Hamiltonian if and only if G + (a, b) is Hamiltonian. 
Proof: Corollary 3 is in fact, an alternative form of Corollary 2, because 
d(a) + d(b) = IT(a) U r(b)/ + I l,,(G)1 > n 
e l,,(G) > n - [r(a) U T(b)1 zs E,,(G). I 
Following Bondy and Chvatal [2] we define the q-dual closure of G, 
denoted C,*(G) to be the smallest graph H of order n such that G is a 
spanning subgraph of H and a,,(H) > l,,(H) + q for all non-adjacent 
vertices a, b. 
The graph C,*(G) is obtained from G by successively adding edges (a, b) 
such that a,,(H) < l,,(H) + q. 
By using the same arguments as in [2] we can easily prove: 
THEOREM 2. Let G be a graph of order n > 3. If C,*(G) is complete, then 
G is Hamiltonian. 
Other similar results to those proved by Bondy and Chvatal in [2] can be 
obtained. 
G ) G, - G2 t G 3= K, 
FIGURE 1 
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The graphs in Fig. 1 illustrate, on a small example, how C,*(G) is 
obtained. In this example C,*(G) is complete while other known theorems 
cannot ensure that G is Hamiltonian. 
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